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THIN CYLINDRICAL SHELLS — 
AS COLUMNS 


de Inruopverron 


Ration: —A thin cylindrical shell subjected to compres- ae 
the direction of its longitudinal axis may fail either by insta- ; 
of the shell as a whole, involving bending of the axis, or by 
al instability of the wall of the shell which may not at all involve 
ul distortion of the axis. The former type of failure i is that inves- 


ius of gyration of the shell. The latter type of failure has been 
d by various writers secondary flexure, crinkling, or wrinkling, 
the wrinkling strength depends on the ratio of thickness to radius 
of the shell wall. Failure of this type is by formation of character- 
‘is stie wrinkles or bulges, circular or lobed in shape depending on the 
‘properties of the specimen. It is, of course, possible for a combination 
"of both types of failure to occur in a moderately long slender tube. 
The strength of a thin cylindrical shell as a column has assumed 
additional interest among structural engineers because of the recent 
development of elevated storage tanks having radial-cone bottoms* 
_ for which the standpipe functions as a column to carry part of the 
weight of the tank and its contents. For example, a 1 500 000-gallon 
_ tank at Indianapolis, Indiana, has a standpipe 10 ft. 0 in. in diameter, 
70 ft. high, and % in. in thickness, which serves as a column and 
_ which was designed for an axial compressive stress of 5 010 lb. per 
sq. in. 


See 
. ee. 


2. Object and Scope of Investigation.—The object of the investi- 
gation was to study the type of failure characterized by local wrin- 
_ kling and to investigate the dependence of the wrinkling strength upon 
; variables of two kinds: (1) physical properties of the material, and 
- (2) geometrical properties of the cylinder, such as length, thickness, 
_ radius, and end conditions. 

The effect of these variables has been studied experimentally, 
and an attempt has been made to correlate the results with the theory 
as presented by Southwell and others. The particular variables 
_ studied were: 


f oedenf Manibe my 


(1) Thickness-radius ratio in both machined and fabricated 
_ specimens. 

: *Patented by the Chicago Bridge and Iron Works. 
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(3) Pent of both machined and fabricated specimens. 
(4) Eccentricity of load on short amt medium length machined 
specimens. § 
‘A method is proposed for A nplete ie the wrinkling strength of 
shells from the stress-strain curve for the material. 4 


3. Acknowledgments.—This investigation is a part of the work of 
the Engineering Experiment Station of the University of Illinois, — 
of which Duan M. S. Kercuvm is the director, and the Department — 
of Civil Engineering, of which Prof. W. C. HuntinaTon is the head. _ 
The work was financed by the Chicago Bridge and Iron Works, who — 
furnished the specimens and provided funds from which to pay the 
direct expenses. 

The work was done in consultation with an Advisory Committee — 
of the Chicago Bridge and Iron Works, the members of which are: — 
H. C. BoarpMan, Chairman, Grorar T. Horton, O. A. BatLey, 
E. E. MicHagts, and RaLtpH GREEN. 


II. Exastic WRINKLING 


4. General Theory.——Analytical solutions of the problem of wrin- 
kling or buckling of thin cylindrical shells under axial load are given _ 
by Southwell,* Dean,} and others.f = 

In these derivations it is assumed that the elastic limit of the 
material is not exceeded. In general, although different methods of — 
approach are used, the same results are obtained, namely, for a — 
uniform circular bulge or wrinkle, 4 


Bisse eg (1) 


where S = unit stress which causes a condition of instability likely to 
result in wrinkling, for brevity, the critical wrinkling 
stress. 

= modulus of elasticity of the material. 

Poisson’s ratio. 

thickness of the shell wall. 

= mean radius of the shell; that is, the inside radius plus 
one-half the thickness. 


ole amt Sa) 
ll 


*R. V. Southwell, Phil. Trans., Royal Society, London, Series A, you 213, 1914 18 = 
+Dean, Proc. Royal Society, London, Series A, Vol. 107, 1925, p. 734 ee = 
tPrescott, Applied Elasticity, p. 530. . 
R. Lorenz, Zeitschrift des Vereins Deutscher se Vol. 52, 1908, p. 1706. Mg 
R. Lorenz, Physikalische Zeitschrift, 1911, p. 

8. Timoshenko, Zeitschrift fur Math. u. Phe VoL. 58, 1910, p. 337. 
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, and Prescott give for a lobed form of Pe 


Vee 


= | ; (2) 


wh here N = number of lobes in the wrinkle. 
For a long slender tube, failure does not occur by wrinkling but 
x by the type of buckling investigated by Euler. The unit stress at 
which buckling is likely to occur in this case is given by the formula, 


TE 


d * ‘ae =a os 


sS=c a (3) 
() 
_ where s = unit stress at failure. 
r = radius of gyration of the cross-section of the shell. 
c¢ = a constant depending on the end conditions. 
- a R? 
For a very thin shell, r? = Se and Equation (3) becomes, 
wT i 
= foe (4) 


It may be noted that Equations (1) and (2) for the wrinkling type 
of failure do not involve the length of the shell. That is, the critical 
wrinkling stress is independent of the length. Although the unit 
critical wrinkling stress is independent of the length of the shell, 
nevertheless the total load-carrying capacity is affected by the ratio 
of the length to the radius of gyration in the case of long slender 
shells. For if there is a tendency to buckle the stress will no longer be 
uniform over a section and failure will occur when the maximum stress 
on the section becomes equal to the critical wrinkling stress. 

Robertson* disagrees with Equation (2), claiming that it should 
be the same as Equation (1). He points out that in deriving Equa- 
tion (2) both Southwell and Dean assumed that the axial wave length 

of the deformations of the shell wall is large. However, experiments 
have shown that this wave length is small, and with this assumption 

_ Southwell’s analysis gives the same result for a lobed wrinkle as for a 
circular wrinkle, upholding Robertson’s contention. 


ty OO Ve Os ae 


*Robertson, Technical Report of the Aeronautical Research Committee, 1928-29, Vol. II, p. 935. 
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In any case, where the number of lobes is greater than 3, } 
tion (2) gives substantially the same critical stress as Equation 
An expression may be derived for the maximum number of lok 


| N, in a lobed form of wrinkle. According to Robertson,* 


- 


For a value of u» of 0.3, the expression reduces to 
0.9091 a 
= (4 
t Bite 

a| R ; 


According to the derivation, the number of lobes may range from 
zero to the right-hand term of Equation (7). It may be noted that a 
two-lobed wrinkle is elliptical, a three-lobed wrinkle triangular, ete. 


5. Limitations of Theory—Equation (1) of Section 4 is limited in 
its application to perfect specimens; that is, those in which the form 
of the cylinder is perfect, and the material is homogeneous and has a 
constant ratio of strain to stress until failure occurs by wrinkling. 
In other words, for steel specimens it is limited to values of t/R 
which are small enough for the theoretical critical wrinkling stress 
to be less than the proportional limit of the material. For example, 
for steel having a proportional limit of 30 000 lb. per sq. in., modulus 
of elasticity of 30 000 000 Ib. per sq. in., and Poisson’s ratio of 0.3, 
the value of t/R for elastic instability must be less than 0.00166. 
For a shell four inches in diameter this would correspond to a wall 
thickness of 0.00332 inches. 

It appears, then, that in cylindrical shells or tubes of the propor- 
tions ordinarily used, failure could not occur by elastic wrinkling 
because the proportional limit of the material is less than the theo- 
retical wrinkling stress. It is desirable, therefore, to find an expres- 
sion for the stress causing collapse of a tube of such proportions that a 
wrinkling failure occurs because of plastic instability at a stress equal 
to or greater than the proportional limit of the material. A method 


*Technical Report of the Aeronautical Research Committee, 1928-29, Vol. II, p. 950. This 
reference contains a typographical error. The correct expression is given in this text. 
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proposed by Geckeler is given in Section 6, and one proposed by the 
authors in Section 7. . 

Southwell’s theoretical analysis was developed for specimens of 
uniform thickness concentrically loaded. Assuming, for eccentric 
loading, that wrinkling occurs when the unit stress at any point 
_ (the sum of the stresses due to flexure and to axial loading) reaches 
the critical stress (an assumption that is borne out by the results of 
the experiments herein reported), an expression may be derived for 
: the wrinkling strength of a tube loaded through its geometrical cen- 
_ ter, but having a known variation in thickness around any cross- 
section. This variation in thickness has the same effect as eccentricity 
of load and may appreciably increase the stress at the thinnest point. 

The effect of a variation in thickness is determined on the assump- 
tion that the inner and outer boundaries of the shell are circular but 
not concentric. The further assumptions are made that the mean 
surface, or the surface midway between the inner and outer surfaces, 
is approximately circular; and that the thickness, consequently the 
variation in thickness, is small compared to the radius of the tube. 

The eccentricity is given by the expression 


—_ 


a ag (8) 


and the increase in stress due to the eccentricity resulting from the 
assumed variation in thickness is given by the expression 


oo 
a Bet 
= SS (8a) 
h t fie 
reaper 
Dae ae 


where R = mean radius of the shell wall. 
eccentricity of load, equal to distance from center of 
gravity to geometrical center of mean surface. 


é 


t; = minimum thickness. 
fg = maximum thickness, diametrically opposite. 
bo + th 


average thickness; ¢ = ee: 


Il 


bh — th 
2 


a = one-half the maximum variation in thickness; a = 
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f = stress for concentric load on uniform section having sam 
area as given section. : 
f: = increase in stress due to variation in thickness. 


; a y 
For small variations, f; is approximately equal to 7 - f, or the 


per cent increase in stress is approximately equal to the per cent 
deviation in thickness from the average. 


III. Puastic WRINKLING . 


6. Method Presented by Geckeler—J. W. Geckeler* has treated the 
case of plastic wrinkling mathematically, making the assumption 
that each longitudinal strip of the shell wall acts as a column subjec- 
ted to lateral forces from the other strips, as well as a compressive 
load. He considers only the possibility of a-uniform circular bulge 
and gives the equation for the critical stress: 


VKE t 
on eee ” 


in which K is defined by the equation, 


ee ee 
(/ Ey + \/ E2)? 


~~ 
> 


where E; = slope of stress-strain curve for any given compressive 
stress, that is, for the existing stress, S. 


slope of stress-strain curve for a decreasing compressive 
stress, approximately equal to HZ, the initial modulus of 
elasticity in tension, for structural steel. 
The equation has to be solved by trial for any particular case, since 
E, is a function of S. 

The constant K is the same as that given by Von Karman} and 
Nadaif for the Eulerian plastic buckling of rectangular columns for 


Ey 


*“Plastisches Knicken der Wandung von Hohlzylindern,” Zeitschrift fir 
matik und Mechanic, Oct. 1928, V. 8, p. 341. 5! : Anaurenaye teehee 
t“Untersuchungen iiber Knickfestigkeit,”’ Mitteilungen iiber Forshungsarbeiten auf dem Gebiete 
des Ingenierwesens, Vol. 81, 1910, p. 20. 
f‘Plasticity,’’ A. Nadai, p. 178. 
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use in the ordinary formula instead of E. If E, is taken equal 
approximately to Z, Equation (9) becomes 


(Apt eos es ee (9a) 
It is readily seen that Equation (9a) agrees with Equation (1) 


when £; = E, or in the region of elastic wrinkling. When £; ap- 
proaches zero, which it does at a yield point, the value of S approaches 


_ zero. This would indicate that it is impossible to obtain a critical 


stress higher than the yield point, no matter what the thickness— 
radius ratio may be. 


7. Proposed Critical Strain Method.—A rational method for the 
treatment of plastic wrinkling is proposed. This method lends itself 
readily to the use of an empirical constant to correlate the results of 
experiment with theory. 

The theoretical equation for elastic wrinkling, derived by South- 
well and others, gives for the critical wrinkling stress 


The strain at this critical stress is 


Pap anfe (l= pi)josk 
since perfect proportionality between stress and strain is assumed in 
the derivation of Equation (1). 

It is evident, then, that for elastic wrinkling the critical strain is 
independent of the elastic modulus of the material, and depends only 
on the dimensions of the tube, ¢ and R, and to a very slight extent on 
Poisson’s ratio. The effect of a variation in Poisson’s ratio from 
0.2 to 0.4 in either Equation (10) or Equation (1) is not appreciable. 
Consequently, the value of » = 0.3 has been used in the computations 
throughout. For this value, Equation (10) becomes 


t 
= 0.60 —. (11) 
R 


_ 
bo 


a 
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Critical Wrinkling Stress ard 
N 


Unit Stress (2 (0008 OF la (OE? SG. U2. 
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Fic. 1. ASSUMED StrEsS-STRAIN CURVES AND CoRRESPONDING t/R- 
WRINKLING-STRESS CURVES 


If it is assumed that a tube of given dimensions will fail when the 
strain reaches the critical wrinkling strain of Equation (10), then this 
equation is applicable to either elastic or plastic wrinkling. That is 
to say, the stress-strain curve for the material in compression is, to 
the scale indicated by Equation (11), also a wrinkling-strength-t/R 
curve. 4 

Three assumed typical stress-strain curves for steel are given in= 
Fig. 1. The scale for the wrinkling-strength-t/R curve is also indi- 
cated in the figure. In addition, the wrinkling-strength-t/R curves 


given by Geckeler’s equation for the same assumed stress-strain 
curves are shown plotted on the same coordinates. The difference 
between the two sets of curves for the wrinkling stress is negligible 
for the stress-strain curves assumed. : 

It may be noted that if failure is elastic, the total load carried bya 
tube varies directly as the square of the thickness and is independent ; 


of the radius, while if failure is plastic, the total load varies directly 
(approximately) with the area of the cross-section of the tube. 


8. Review of Previous Experimental Investigations.—Lilly* was one 


*Institution of Civil Engineers, Ireland, March 7, 1906, p. 27, and Proc. Inst. Mech. Eng., 
London, 1905, Part 3 and 4, p. 697. 
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of the first experimental investigators of this problem. He tested a 
large number of mild steel tubes varying from %%-in. diameter and 
22-gauge thickness to 1-in. diameter and 18 gauge, and found that when 
the ratio of the length to the radius of gyration was less than 80 for 
ee thinnest tubes, failure occurred by wrinkling. He concluded that 

when the failure takes place by secondary flexure (wrinkling), for a 
large range of the length there is little variation in the breaking load.” 
Lilly reported no control tests, but stated that the ultimate strength 
in tension of the tubing varied from 62 000 to 85 000 lb. per sq. in. 

Mason,* in experiments on mild steel under combined stress made 
compression tests on hollow cylindrical tubes 234-in. diameter and 
10 gauge, and 3-in. diameter and 14 guage, ¢/R being 0.089 and 0.052, 
respectively. He found failure to occur at about the yield point stress, 
and that, over a small range, length had no effect on the stress 
required to cause failure by wrinkling. 

Popplewell and Carringtonj made tests on high tensile strength 
steel tubes, both hardened and annealed. Unfortunately, they re- 
ported no adequate control tests, and defined the ‘‘wrinkling stress’ 
as the stress at which the stress-strain relationship for the tube de- 
parts appreciably from a straight line. They do not report the ulti- 
mate loads. They found that for values of ¢/R above 0.1, their 
‘‘wrinkling stress’’ is the same as the proportional limit of the material 
in tension, and below this value of ¢/R, the ‘‘wrinkling stress’’ is 
directly proportional to t/R. 

Robertson{ concludes, from his very extensive series of experi- 
ments, that: 

(a) ‘For tubular struts of mild steel having a yield in compression 
of 22 tons per sq. in., the strength depends on the yield stress and 
not on the wrinkling stress provided t/F is greater than 0.022. 

(b) “For short specimens of thin tubes, tested in compression, 
failure will occur either at the yield or at a stress (below the yield 
point) which is some fraction of the Southwell value (Equation iD 

The value of this fraction, from Robertson’s experiment, varies 
from 0.4 for tubes of drawn mild steel and nickel-chrome steel to 
0.6 for tubes of the high strength steel used in aircraft construction. 

Robertson seems to be the only one who has conducted tests on 
tubes of such thickness that elastic failure, or failure at a stress 
materially below the yield point, takes place. 

*Mason, Proc. Inst. of Mech. Eng., Parts 3 and 4, 1909, p. 1205. ; 


lewell and Carrington, Proc. Inst. Civil Engineering, Vol. 203, 1916-17, p. 381. 
jE Sent vars Technical Baport of the Aeronautical Research Committee, 1928-29, Vol. II, p. 935. 
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IV. Description or Tests AND APPARATUS 


9. Machined Specimens.—Tests were made on machined speci- 
mens 4 in. and 14 in. in diameter and varying in length from 134 in. 
to 20 in., made of lap-welded steel pipe, wrought iron pipe, Shelby 
seamless steel tubing, and hot-rolled seamless steel tubing. 


Nearly all the specimens had 14-in. collars at the ends, which | 


acted as stiffeners, but which were primarily for the purpose of allow- 
ing apparatus to be attached and strain gage holes to be drilled 
without injuring the thin section of the tube. The material and 
nominal dimensions of the different groups of specimens are given in 
Table 1. 

The specimens made of Shelby seamless tubing were machined to 
the desired thickness by turning the outside only; all other specimens 
listed in Table 1 were machined both inside and outside to the 
desired thickness. 

Thickness measurements of the machined specimens were made 
with an instrument on the principle of a micrometer caliper with a 
deep throat. The tube to be measured was supported on three 
round-ended pins embedded in a 2-in. by 0.25-in. steel bar in such a 
manner that the tube always rested on the center pin and one of the 
end pins. A steel arm was attached to the bar and supported an 


Ames dial micrometer graduated to thousandths of an inch, placed — 


so that the plunger moved vertically over the center pin. A zero 
reading was taken with the plunger in contact with the pin and the 
tube supported beneath the bar so that its weight was carried in the 
same manner as if it were being supported on the pins for a measure- 
ment. In general the thickness was measured at eight points around 


the circumference on circumferential gage lines from 0.5 in. to 2.5 in. * 


apart, depending on the length of the specimen. 

Stress-strain diagrams for the specimens of series 1 and 5 were 
obtained during the test by means of an autographic apparatus. 
The load on the specimen was indicated by the vertical movement of 
a pencil on the record. This vertical movement was controlled by 
the hand wheel operating the poise on the testing machine. The 
deformation of the specimen, greatly multiplied, was indicated by a 
rotation of the record drum. 

Deformations during the test of the specimens of series 6 were 
measured by means of an apparatus of the type commonly used for 
determining the strain in concrete cylinders in compression. This 
apparatus gave the average deformation of opposite sides of the 
specimen. 
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Deformations of all other specimens were obtained with a strain 
gage, the gage holes being drilled in the collars of the specimen, 
except in the case of series D, for which the gage holes were drilled 
in the bearing blocks used in the test. This latter method gave values 
for the strain which are believed to be erroneous. 

All the 4-in. specimens were tested in a 30 000-lb. Riehle testing 
machine. A special bearing block or plug in contact with the end of 
the specimen had a cylindrical projection that fitted snugly on the 
inside and extended into the end of the specimen. Generally a 
spherical bearing block was used in conjunction with the plug, and 
was wedged into place after a small initial load had been applied. 

All the 14-in. specimens were tested in a 200 000-lb. Riehle testing 
machine. The bottom of the specimen rested directly on a fixed 
bearing block, and the inside at the bottom was stiffened by a ring 
that fitted snugly into the specimen. The upper bearing block was a 
combination plug and block of the same general type as that used for 
the small machined specimens and described in the previous para- 
graph. 

For the specimens of series 2, the eccentric loading was accom- 
plished by means of a 546-in. steel ball placed in a shallow conical 
hole in the top bearing plug. The bottom bearing plug rested on a 
roller nest, the direction of motion of the rollers being in the direction 
of eccentricity of load. 

During the tests of specimens of series A and B measurements 
were taken of the external diameter at various places. However, the 
change in diameter was evidently less than the tolerance of the in- 
strument, 0.0005 in., and the measurements were not made in 
subsequent tests. 

Coupons for tension control tests were cut from the same pieces of* 
pipe as the specimens of series A, B, and 6. These coupons were flat, 
had approximately the same thickness as the finished specimens they 
were to represent, and had the same general proportions that are 
usually used for control specimens of thin plates. The 4-in. Shelby 
tubing, however, was too thin to permit the machining of coupons of 
this type from it. Hence a tubular tension control specimen was 
used and fittings devised for testing it. The tension specimens were 
machined to the same thickness as the shells which they represent. 
Strains were read with a microscope strain gage using targets painted 
on the specimen. 


10. Fabricated Specimens.—Tests were made on three groups of 
fabricated specimens, designated as series E, 7, and 8. There were 
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Fig. 2. TrRUNCATED—CONE BEARING Biock As Usep to Loap SHELL 
80 INcHES IN DIAMETER 


four specimens in series E, 6 ft. high, 6 ft. 8 in. in diameter, and 0.25 
in. thick. Two of the cylinders had a welded butt girth seam, and 
two a riveted lap girth seam. The vertical seams in each cylinder 
were of the same type as the girth seams. The cylinders had 3-in. by 
3-in. by 2(¢-in. angles spot-welded to the shell around top and bottom, 
but contact with the loading head and bed of the testing machine was 
made by the shell alone, the backs of the angles being placed about 
1g in. away from the ends of the plates. 

The twelve specimens of series 7 were made by welding 14.-in. 
hot-rolled steel plate. All the specimens were 30 in. high; the diam- 
eters were 10, 20, 30, 40, 50, and 60 in. The 10-, 20-, and 30-in. 
specimens were made of one plate each and had one vertical seam. 
The larger specimens had two vertical seams. The ends of all except 
the 10- and 20-in. specimens were held cylindrical in shape during 
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the tests by means of a disk, cut from 1-in. by 8-in. redwood plank, 
that fitted into the end of the specimen. 

The six specimens of series 8 were fabricated by butt-welding 
l¥-in., medium-grade, hot-rolled steel plate. The 6-ft. specimens 
were made from one plate and had only one vertical seam. The 
longer specimens were made up of 5-ft. sections so connected that the 
vertical seams of adjacent sections were diametrically opposite. All 
the specimens were 34 in. in diameter. 

All the fabricated specimens, except the 10-in. specimens of series 
7, were tested in a 3 000 000-lb. Southwark-Emery hydraulic testing 
machine. The specimens of diameter greater than 40 in. were loaded 
by means of the truncated-cone top bearing block shown in Fig. 2. 
For series 7 and 8 shims were used between the ends of the shell and 
the bearings to fill gaps caused by unevenness of the specimen or 
bearing. For series E, measurements were taken at various loads of 
the width of gap, but the gaps were not filled, 

For series E and 8 the strain was measured on eight 8-in. vertical 
gage lines spaced at equal distances around the circumference, and 
profile measurements were taken from four wires spaced 90 degrees 
apart and stretched from top to bottom of the cylinder. No measure- 
ments were taken during the tests of the specimens of series 7. 

Thickness measurements of all the fabricated specimens were 
made only at the ends, at eight points around the circumference. 
Tension control coupons were cut from the parent plates for series 7, 
and from the cylinders after test for the other series. 


V. Resuuts or TEsts 


/~ 


11. General.—The wrinkling stresses for all the centrically loaded 
machined specimens are given in Tables 2 and 3, and for the fabri- 
cated specimens in Table 4. Stress-strain curves for some of the 
4-in. Shelby tubes of series D are given in Fig. 3. Stress—strain dia- 
grams for tension and compression are compared in Fig. 4. These 
diagrams were plotted from strains measured with a strain gage. 
Diagrams reproduced from the records of an autographic extensom- 
eter are shown in Fig. 5. The diagrams of Fig. 6 show the relation 
between the stress and strain for the 14-in. specimens. It may be 
seen from these curves that, in general, wrinkling was accompanied 
by a considerable sudden drop in load. The curves for series 6 in 
particular show that release of load is accompanied by some recovery 
of strain. The set upon full release of load is due primarily to the 


ne wedt, ded sta es Bid ie Bad hy 


§ 
“ 


oo Pe oe 


ee 


‘TEYS JO SsouAOIG, Ul SUOT}BIIBA IO} poyoe1100 sseays oBvIOAW |, 


a ‘ATWO pus ao 4B IBTOD, 
tas II S6F'0 O00€ OF OZT OF $¢cF00'0 8F'6 0S OT 9 €1 L19 
OL OT LEP" 008 1 069 16 6600 °0 9F'6 9F OT 9 ST 9T9 
06 ai 00¢°0 06¢ 9T OTS 9T 96100°0 81°6 +99°6 Tome Si9 
nm Go ai T9€°0 O10 8 OTL £ TET00'°O €9°6 0S OT FILSE F19 
a SI ras 69S 0 OOT 22 OS? 16 0&200°0 6F 6 0S OT 9 EI 19 
= OT OL Str 0 000 €&% 0S9 Zz £0€00°0 0S °6 6¢ OT 9ST 619 
p €1 8 68 '0 OOF TE OOF TE S8700'0 83°6 6F OT 9ST TIL9 
5 61 oT SIr'0 002 FT OFT FI 60¢00°0 0g °6 6P OL ¥9' ST 9 O19 
o or “BOLI £0&°0 009 6€ OCF Lz 0¢200°0 20° 6T 00° 0 £18°§ LTS 
m oT Z 888°0 009 0¢ OOF 9& 0¢400°0 $36 6° OT €L8°¢ 9TS 
<q or L 807 '0 009 cg 006 9F 0T200°0 9g°¢ 6r'9 18° STS 
n II 8 807 '0 00s TS O0€ LF ¥6900'0 oot 0S °% €L48°¢ VIS 
A ot 8 or 0 000 #9 OOF ZS ¢0200°0 SO°6T 86°61 €18°E eg 
Ww or Z 6120 000 9€ 00L SE T€200°0O £96 0S OT 18° og 
& or L 6€e°0 009 SF 009 IF 0F200°0 go"¢ 6F'9 LB" TIg¢ 
i IT *Baddt Str'0 006 S¢ 008 9F ¥8900°0 eo'T 0s's €Z8°§ Ly org 
n 
‘Si or 8 868 '0 00L &F 00S GF 9€200°0 eo" 2 os "8 T18°€ SIT 
a ZL g 961 °O 009 cg 000 1¢ Z8F10'0 aie 4 6F'8 TZ8°€ GIL 
Oo ot 8 166°0 OOF OF 0S9 FE &9400°0 iene 0¢°8 T18°§ III 
bel Z g $020 00s gg 008 cg €0ST0'0O og* 2 6F'8 T18°€ T OTT 
A 6 0 08% °0 009 0g 009 OS 46600°0O 28°61 Z8°61 T18°¢ cd 
4 8 “Bord! OFZ ‘0 000 8% 000 8F FOTIO'O GLL GL’ L TL8°¢ iaas 
g 8 0 946'0 OOF 9F OOF 9F 8TOTO'O GL’G gcL'¢ TL8°€ eda 
bb 8 9 686 °0 00S €¢ 00g &¢ 660100 SLs GL's TL8°€ 6a 
o 8 0 196 '0 OOF 6F OOF 6F 8TOTO'O ght SLT TL8°€ da iat 
4 8 0 O81 °O 009 OF 009 OF 9210°0 oT 69° 699 '¢ OT 
i ZL 4 SL1°0 000 OF 000 OF 0&810°0 os'€ Io'F 699 °€ ST 
A 4 0 ¢90°0 OOL OF 00L OF €960°0 16°9 66°2 Ts9'€ ZL 
g £ 880°0 008 9& 008 9€ S€<c0'0 os" 2 0g °8 SPOS s) 
i] L g PLT'0 096 6& 096 6E 6Z10°0 Ig L 6F'8 969'°¢ ‘| 
° v é 090°0 OOF 8 OOF 8E 67€0°0 00°2 10'8 €s9'¢ € 
td 9 £ SOT‘O OOT 88 OOT 88 ¥0Z0'0 GV L crs Sgo'€. & 
i= 8 9 PPT 0 OOF IE OOF IE &Z10°0 LY L 6F'8 G69'€ NE T 
, .eo) 
a b “ul “ul 
‘ul ‘bs 10d ° ‘ul *bs dod * : : “ul 
(ot seqo'T 880199 . a . - oney siepmnoyg pug ; ‘ON 
e "Jo sequin rs Sogo SurpyurM ssoryg 980199 y ETERS OF} PUly JOOUIBIC, seliog usultedg 
TUNUTXBINY |J0 JOQUINN | reorar00q, 7, 4:peq00s105 esBIOAY Wy [eur UT 
“". [eoHeroeg 7, 04 Oey UINUIKep 
‘ qysueT 


BNAWIOGdY AINIHOVIN ‘SLSH], 40 sITASaYy 
Z Wavy, 


- . U 


ILLINOIS ENGINEERING EXPERIMENT STATION 


20 


19 0 191 
Onto 


saqo'T 
josaqunyy | saqo’y 
WNUIXB PY /jO sequin yy 
[eolja1004 7, 


ee ee ee fee les) ie alt be sll 
- 
“petino9d0 ein|rey a1ayM WOIJOas J04No 48 senyea uodn paseg, 
&620°0 O0€ ZF 0S9 FE 6£20°0 £€20°0 68£0°0 9L°F 6L'8 GL9°¢ €T 
9920°0 00S 1€ 00S €€ T¥Z0°0 2820°0 88£0°0 GLY GL’8 ¢69'°€ Or 
9€0T 0 OOL LE 00L LE £160°0 €160°0 ot ou 5 Aa GL°8 989°¢€ ai 
¥160°0 OOT 6€ OOT 6& 1Sz0°0 ESCO Oe pee Sats d a 6L°8 60L°€ a 6 
‘ur bs god “qt | ‘ur ‘bs aod ‘qy uonoag uonseg “Ul ‘ul "ul “Ul 
«88049 OOO BOLO 134nO qaqyuag, ; BOrOoR at Se PUG ‘ 
BUIpU AA 124nQ Ponicle) 428N0 ysut | 99 Pum | yaquag “ON 
[891381094 7, jo A4t0124 48 Batted uaulldedg 
0} OnRYy -u9005, Jaauleiq 
Ssol}g oSBIoAY umMUIxeyy qysuary [euse4xy 


a 
7 


STIGHY LASdIQ HLIA\ SNAWIOGdg GANTHOVIY 


@ @IaV], 


‘SISE], 40 SLTASayy 


& 


oo 


21 


STRENGTH OF THIN CYLINDRICAL SHELLS AS COLUMNS 


LE 
II 
Or 
OT 
IT 
OT 


86 
8Z 
96 
96 
€@ 
£@ 
61 
0Z 
9T 
eI 
as 


IT 
IT 
IT 
Ir 


seqo'T 
jo saquinyy 
UINUIIXe Ay 
[®91j01004, |, 


“goof UL pessoidxe st 4ySu9] ayy uauIoads SIq} QjIM Suluurgeq, 


oT 
OT 
€T 9} OT 
eT 
Or 
Or 
GT 04 OT 
GI 04 OL 
@T OF TT 
6 948 


ie.) 


000 00 00 


saqo'T 
jo soquinyy 


9660 
&6C'0 
€8T'0 
T8100 
S8T 0 
€ST "0 


TI3é'0 
£66 '0 
002 °0 
606 °0 
L06°0 
OTZ'0 
6960 
992'°0 
FOTO 
LET'O 
£60°0 


1930 
996°0 
T&Z'0 
T&S '0 


S891} 
BUIPYUL A 
[o1jo1004, J, 
0} Oey 


00° 26 
006 9% 
OO€ €Z% 
00G €% 
006 6% 
000 06 


OL8 € 
O9T F 
O86 F 
O&F F 
OFZ ¢ 
OTL ¢ 
O9T 0 
096 8 
090 6 
008 #1 
OOF OT 


OSh Le 
O8T 92 
089 &% 
O&% FZ 


‘ut ‘bs sod *qy 
spuq 4% 
880149 
osBIIAV 
UIMNUIIXB IAT 


000 8€E 


88900°0 


9 43 TE8 
000 62€ 99900°0 9 vE 0€8 
000 66¢ £0400°0 06 igs Tes 
000 66z £0200°0 0G Ee 068 
000 024 699000 Ge vE I18 
000 ¢9z 0@200°0 «GE ¥E 8 O18 
OOT 2% TOT00°O 0g 09 T9L 
OO€ FZ €0T00°0 O€ 09 092 
006 61 8T100°0 0g 0g ToL 
00% 12 TZ100°0 0€ og OgL 
000 GZ €ST00°0 0€ OF 974 
OO€ TZ 0S100°0 0g OF OL 
000 Z& 86200°0 0€ 0€ TéZ 
O00 ¥Z £6100°0 0g 0g O€L 
O0€ LT ¥0E00 "0 0g 06 ToL 
O88 &T ¢6¢00°0 0g OT TTL 
0¢8 6 60900°0 0€ OT ZL OTL 
000 299 T 86S00'0 GL 08 98 
000 209 T ¢0900°0 GL 08 FIT 
000 968 T T8¢S00°0 GL 08 UL18 
000 TL¥F T 86¢00°0 GL 08 a Ugis 
aI spugy 4e me or 
proT uel qysueT JojouIVIq, Sol1ag ‘ON 
UMUIXe AT 7 [eurat0 Ny ueulledg 


SNAWIOGdY GaLVOIUAV | ‘SLSa], oO sUTasay 


p HIV, 


“ks | J 
eee a ssteas al 
Se i 
{ 

SRPRREPBMSrNA 
re eee 
A tp | 
ft as +H4-— 

HE 
PRC 


Total Shorterurg of Cy liter tt? (tales 


8 


S 


& 


8 


Fig. 3. Stress-Strarn DracramMs, 4-1N. SHELBY SEAMLESS TUBING 


effect of the lateral bulging causing a longitudinal shortening of the 
specimen. This set varies with the thickness of the specimen, being 
practically negligible for the thin specimens. This is due to the fact 
that, for the thin specimens, the wrinkles practically completely dis- 
appeared upon removal of the load. Specimen 614, the thinnest ~ 
specimen tested, showed a rather peculiar tendency in that, for loads 
near the maximum, wrinkles appeared here and there sporadically, 
each accompanied by a slight drop in load. This is reflected in the rather 
uneven stress-strain curve. However, after reaching its maximum value, 
the load dropped off considerably, and wrinkles extended all the way 
around the specimen. Release of load was accompanied by complete 
disappearance of the wrinkles. On the second application of load, 
the same curve was retraced, and the second maximum was almost 
the same as the first. This, of course, is a characteristic of true elastic 
wrinkling. Specimen 614 was the only specimen to behave in this 
manner. For the other specimens the second maximum load reached 
was usually the same as the load on the specimen immediately after 
the initial wrinkling. 
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Fic. 4. Comparison or STRESS-STRAIN DIAGRAMS FoR TENSION AND COMPRESSION, 
4-IN. SHELBY SEAMLESS TUBING 


The longitudinal wave length of deformation, whenever this was 
clearly defined, was always much less than the radius of the cylinder. 
Series 6 was the only series for which fairly definite values of this wave 
length could be obtained. For the few specimens that failed in several 
rows of wrinkles the distance between adjacent rows, or the wave 
length, ranged from about 1.50 in. to 2.75 in., and was generally about 
2 in. It should be noted here that adjacent rows of wrinkles are 
always so located that the vertices of the lobes of the upper row are 
above the centers of the lobes of the lower row. That is, the lobes 
are staggered in the longitudinal direction. 

The physical properties of the material in tension for each series 
of machined specimens are given in Table 5. The values for each of 
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the fabricated specimens are given in Table 6. The stress-strain 
curve for a control specimen cut from the 14-in. hot-rolled seamless 
tubing is given in Fig. 7. 


12. Effect of t/R Ratio on Wrinkling Stress——In general, for all 
the different tubes tested, the wrinkling stress seemed to vary prac- 
tically directly with the ¢/R ratio up to a certain critical value. This 
critical value was different for specimens made of different materials. 
For values of the t/R ratio higher than this critical value the wrinkling 
stress seemed to be practically constant. 
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Fic. 7. Stress-Srrarn DracRaMs For ContTrot SPECIMENS, 14-IN. 
Hot-RoLLep SEAMLESS TUBING 


The tubes of series A made from lap-welded steel pipe had values 
of the ¢{/R ratio varying from 0.0122 to 0.0353. The maximum stress 
for these specimens did not vary greatly from a general average of 
about 38 500 lb. persq. in. The thinnest tube of this series failed at a 
stress of 31 400 lb. per sq. in., but the next thicker tube, having a 
t/R ratio of 0.0126, sustained a stress of 40 600 lb. per sq. in., the 
second highest value reached in the series. Probably the critical t/R 
ratio is somewhat near 0.012 for these tubes. 

The specimens of series D and those of series 1 were all machined 
from the same piece of Shelby tubing, and a comparison may profit- 
ably be made, although the end conditions and lengths for the two 
series of tests were different. The general trend of the results is 
shown in Fig. 8. It is evident that the thinner tubes failed at stresses 
less than the thicker ones nearly in proportion to the t/R ratio up to a 
value of approximately 0.01. The thicker tubes failed at approxi- 
mately the same stress. It should be noted that the specimens of 
series D had plain ends and those of series 1 had collars at the ends. 
This difference in end condition evidently has little if any effect on 
the wrinkling strength. 
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Fig. 8. Re,tation BETWEEN WRINKLING SrrREss AND t/R Ratio 


Fig. 8 shows also the t/R ratio—wrinkling-strength relation for the 
large machined specimens of series 6 and for the fabricated specimens 
of series 7. The critical t/R ratio evidently has not quite been reached 
in series 6, the maximum stress varying almost directly as the t/R 
ratio for all the specimens of the series. For the specimens of series 7, 
the critical t/R ratio appears to be about 0.0025. 

In all cases where the wrinkling stress is approximately propor- 
tional to t/R, the constant of proportionality is always much less than 
that given by Equation (1) for the theoretical critical wrinkling stress. 
Values of from 30 to 60 per cent of the theoretical are obtained for the 
machined specimens, and but 20 to 25 per cent of the theoretical 
values for the fabricated specimens. 

For the specimens having a thickness-radius ratio greater than 
the critical value, the wrinkling strength was practically constant. 
The stress at collapse, for the machined specimens, was generally 
above the proportional limit of the material, and, for the lap-welded 
and wrought iron tubes, at or above the yield point of the material. 
For the fabricated specimens the maximum stress was considerably 
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less than the yield point of the tension control specimens for the 
material. For the very thin fabricated specimens it is felt that this 
is due partly to uneven distribution of load at the ends of the speci- 
men and to geometrical irregularities in the form of the specimen. 

Apparently the only variable having any effect on the number of 
lobes in the wrinkle causing failure of the specimen is the thickness— 
radius ratio. Specimens of different length but of the same diameter 
and thickness had the same number of lobes, and specimens of the 
same dimensions under different degrees of eccentric loading failed 
in such a manner as to indicate the probability of there being the 
same number of lobes in the wrinkle if it had extended completely 
around the circumference. 

In no case was the theoretical maximum number of lobes given by 
Equation (7) exceeded. However, in all but one of the specimens of 
4-in. diameter lap-welded steel tubes, wrought iron tubes, and Shelby 
seamless steel tubes, of all different thicknesses and lengths, except 
when the number of lobes was zero, the actual number of lobes was 
2 or 3 less than the theoretical maximum. There was no definite 
correlation between the actual and theoretical number of lobes for the 
large machined specimens or for the thinnest fabricated specimens. 


13. Use of Empirical Constant in Critical-Strain Method.—lIt is 
evident from the tests reported that the theoretical critical wrinkling 
stress given by Equation (1) is not at all in accordance with experi- 
mental results even in the cases to which it should strictly apply. 
Since, for elastic wrinkling, Equation (1) and Equation (10) give the 
same results, neither does the latter equation agree with experiments. 
However, Equation (10) can be modified by introducing a simple em- 
pirical constant so as to give results in fair agreement with those 
obtained by experiment. 

Modifying Equation (10) by the introduction of an empirical 
constant, c, the critical wrinkling strain is given by the relation 


t 
e=cX 0.60— 12 
(12) 


Using this relation, the scale may be established whereby the stress— 
strain curve for the material in compression becomes also the wrin- 
kling-strength-t/R curve. 

Experimentally determined values of c for the Shelby tubing of 
series 1 and series D are given in Table 7. The unit strain at maxi- 
mum load obtained from the stress-strain curves for the tubes is 
unreliable, but it is given to show that there is some agreement be- 
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tween this value and the value obtained from the control specimens. 
Strictly, the stress-strain curve for the material in compression should 
be used, but this is generally not convenient to obtain. It is evident 
from the table that, although there is a large variation in the ratio of 
actual to theoretical stress, there is only a small variation in the ratio 
between actual and theoretical strains. The average value of c for 
this tubing, from Table 7, is 0.315. This is based upon the strain 
corresponding to the maximum unit stress corrected for variations in 
the thickness of the shell. This value should be reduced to allow for 
imperfections, if they are to be expected. A value of 0.27 would give 
results that correspond more closely to the actual wrinkling stresses 
uncorrected for imperfections for the more irregular tubes of this 
series. 

To obtain the wrinkling-stress-t/R relation from the stress-strain 


curve for, say, a value of c = 0.30, the t/R scale would be times 


the strain scale (see Equation (11)). For this value of ¢ the following 
results were obtained: 


Specimen t/R Predicted wrinkling Actual maxi- 
No. ratio stress, c = 0.30 mum stress 
110 0.01503 54 500 55 500 
111 0.00752 40 400 40 400 
112 0.01482 54 300 52 600 
113 0.00736 40 000 43 700 
D1 0.01018 48 800 49 400 
D5 0.00997 48 400 50 600 


The value of c for the lap-welded steel pipe of series A is indeter- 
minate, since failure occurred at or near the yield point where there 
is a large variation in strain with little variation in stress. Similarly, 
the specimens of series 2 failed at a stress corresponding to a point 
beyond the rather sharp break in the stress-strain curve for the 
control specimen. 

For all the other specimens the actual stress at collapse was less 
than the proportional limit of the material, although, except for one 
specimen of series 6, failure took on the characteristics of plastic 
failure in that recovery was not complete when the load was removed. 

For specimens for which failure is elastic the critical-stress method, 
represented by Equation (1), and the critical-strain method, repre- 
sented by Equation (11), are equally applicable and give the same 
results. For material not having a well-defined yield point and for 
values of ¢/R that cause failure to occur at a stress somewhat above 
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the proportional limit, the critical-strain method appears to be 
particularly useful. 

The experimentally detetmined values of c for the various groups 
of specimens are: 


Series Type of Specimen c 
land D 4-in. Shelby tubing 0.31 
5 4-in. Shelby tubing 0.37 
6 14-in. hot-rolled tubing 0.45 
vé Fabricated specimens 
thickness = 0.03 in. 0.20 to 0.25 
8 Fabricated specimens 
thickness = \ in. 0.18 to 0.23 
E Large fabricated specimens 
thickness = 1 in. 0.25 to 0.26 


14. Effect of Length on Wrinkling Stress—Theoretically, length 
has no effect on the critical wrinkling stress of a tube. However, for a 
long tube, flexure of the axis will occur and Euler buckling, or a com- 
bination of buckling with wrinkling, will take place. The length to 
which pure wrinkling failure is limited is not definitely known. There 
are several difficulties attached to the experimental determination of 
this length. Imperfections in the tube, irregularities in thickness, 
lack of homogeneity of the material, etc., are more likely to occur in a 
long tube than in a short one. 

Machined and fabricated specimens were tested to observe wheth- 
er, over a short range, the length has any effect on the wrinkling 
stress. The machined specimens of series D were fairly regular in 
thickness and showed little variation in strength for a variation in 
length from 1.75 to 20 inches. The specimens of series 5 were irregu- 
lar, and since they were thinner than those of series D, the irregulari- 
ties were of greater importance. Nevertheless, the longest specimen 
of this series attained the highest stress and was less than the average 
in thickness. The maximum stresses corrected for irregularities in 
thickness are more nearly uniform. The relation between the length 
and the wrinkling stress for these two series of specimens are given 
in Fig. 9. The horizontal lines indicate the average value of the 
wrinkling stress for each series. 

The fabricated specimens of series 8 gave a decrease in strength 
with length. This is shown in Fig. 10. It is a question how much of 
this may be ascribed to flaws, dents, variations in thickness, and 
other irregularities in the longer specimens. The initial bend of about 
34 inch in the axis of one of the longest specimens would increase the 
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stress on one side by practically 9 per cent. The difference between 
the load carried by the 6-ft. specimens and that carried by the 35-ft. 
specimens is about 20 per cent. Variation in thickness, the weakness 
of transverse joints, dents, and irregularities may have caused part of 
this difference. The material in the 35-ft. specimens at the section of 
failure had a lower yield point than the material in the shorter spec- 
imens. This may have caused failure to occur at a low load even 
though the average wrinkling stress was below the yield point. 
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It should be noted in this connection that all the long specimens 
failed at a transverse joint or at a dent in the shell wall. The 6-ft. 
specimens failed at the ends of the tube. It is believed that the 
decrease in load carrying capacity for the longer specimens is attrib- 
utable to unavoidable physical and geometrical imperfections in long 
fabricated cylinders rather than to the direct effect of length. 


15. Effect of Eccentric Loading on Wrinkling Stress.—If the def- 
ormations in the shell wall which produce a condition of instability 
resulting in wrinkling are a direct linear function of the longitudinal 
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strains in the shell, the cylinder will collapse by wrinkling when the 
strain at any point reaches the critical strain. Assuming a linear 
relation between stress and strain, the maximum stress for a given 
load and a given eccentricity is determined by the relation 


f=5(i+—) (13) 


where f’ = maximum stress 
P = load on the cylinder 
A = area of cross-section of shell wall 
é = eccentricity of load 
R = mean radius of shell wall 

Tubes of two different lengths, but of the same diameter and 
thickness were tested under different degrees of eccentric loading. 
Measurements were taken of the longitudinal deformations on four 
gage lines around the circumference, one gage line being in the direc- 
tion of eccentricity of load. There was an approximately linear 
distribution of strain across the section of the cylinder. 

The wrinkling stresses for the eccentrically loaded shells are given 
in Table 8. The correction for variation in thickness was in some 
cases negative for the 4-in. cylinders. For the longer cylinders it was 
always positive since the cylinders were so irregular that there was 
always at least one point where the effect of the two eccentricities 
was additive. 

The results of the tests are plotted in Fig. 11. The average stress 
at collapse, the maximum stress computed by Equation (13) from the 
average stress at wrinkling, and this maximum corrected for varia- 
tions in thickness of the shell wall, are all shown plotted against the 
eccentricity of load. The average-stress—eccentricity relation is prac- 
tically a linear one. The maximum stresses computed by Equation 
(13) are slightly erratic, but the corrected stresses seem to be approxi- 
mately uniform. The difference in strength of the two different 
lengths of specimens is not consistent with the results shown in Fig. 9. 
This difference in strength may be ascribed to imperfections in the 
tubes, to the manner of putting the longer tubes on the mandrel,* or 
to an inherent weakness of long specimens as compared with short 


ones. 
However, the conclusion is apparently justified that for tubes 


similar in all respects except for degree of eccentricity of load, wrin- 


*The long tubes were heated slightly with a blow torch in putting them on the mandrel. It is 
believed that they were not sufficiently heated to affect their physical properties. 
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kling will take place at a certain maximum stress, f’, as computed by 
Equation (18), for all degrees of eccentricity. In other words, eccen- 
tricity of load has apparently no effect beyond that of changing the 
distribution of stress on the cross-section of the cylinder. 


16. Wrinkling of Fabricated Cylinders.—It is to be expected that 
cylindrical shells fabricated in the ordinary manner will be weaker 
than machined shells. Irregularities in material affect both types of 
specimens; but fabricated specimens are, in addition, affected by 
transverse joints, dents, flaws, and geometrical imperfections such as 
bends in the axis and irregularity in the shape of cross-section. a 

For the large fabricated specimens of series E, the unevenness in 
bearing was reflected in the irregular distribution of strain around the 
circumference of the cylinder as shown by the strain measurements. 
Filling the gaps with shims, as in series 8, gave a better distribution of 
strain, but even in this series the maximum strains were in general 
about 14 per cent greater than the average for loads near the wrin- 
kling load. 

The change in profile during the test was very slight except for 
the cylinders having a lap-riveted girth seam. It should be noted 
that the effect of the lap joint is evident at fairly low loads. Trans- 
verse lap joints are a serious source of weakness; the stress sustained 
by the lap-riveted cylinders of series E was 10 to 12 per cent lower 
than that carried by the corresponding butt-welded cylinders. The 
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Fig. 12. Lap—we.pep Stee, Tusrne Arrer FAILURE 


small machined wrought iron cylinders with offset walls were weaker 
than the corresponding straight cylinders by about 15 to 20 per cent, 
indicating that the difference in strength is due not to riveting of the 
joint, but to the offset in the shell wall. 

It is not definitely known how much butt-welded joints affect the 
strength of a cylinder. However, all the fabricated specimens having 
transverse joints failed initially at a joint except in the case of one 
specimen which failed at an evident flaw or dent in the shell. 

All the fabricated specimens from short flimsy ones to long heavy | 
ones failed at practically the same proportion of the theoretical load, 
and at a stress considerably lower than the yield point of the material. 


17. Character of Failure-—The failure of the machined specimens, 
the ones most nearly approaching geometrical perfection, was abrupt 
and without warning. The geometrical imperfections and localized 
stresses caused impending failure of the fabricated specimens to be . 
more apparent. Even for the latter, however, final failure was 
very abrupt. é 

The symmetry of the lobed specimens after failure was a continu- 
ous source of wonder. Some of the more perfect geometrical figures 


are shown in Figs. 12 to 18, inclusive. 
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18. Summary.—The following conclusions appear 0 be justifi fied 
by the tests reported herein: Ry 
(1) The theoretical wrinkling stress was not reached in any of the — 
tests. The highest value obtained was about 60 per cent of the the —" : 
retical value for one of the most carefully machined specimens. In 


general, a series of incipient wrinkles may be present before failure, ie 


and any one of these, probably the one at the weakest point of the 
shell, will cause collapse. It is not to be expected that the values — 
given by Equation (1) can ever be reached. This large discrepancy _ 
between the theoretical and experimental values of the wrinkling 
stress was also obtained by previous investigators. 

(2) The wrinkling strength of the cylinders tested varied approxi- 
mately directly with the ¢/R ratio up to a certain critical value of 


this ratio. This critical value was at least 0.005 for the large ma- — 


chined specimens, about 0.01 for the small machined specimens, and 
about 0.003 for the thin fabricated specimens. For higher values of 
the t/R ratio the wrinkling strength remained practically constant. 

(3) The ratio of the strain corresponding to the wrinkling stress to 
the theoretical wrinkling strain given by the equation e = 0.60 t/R was 
about 0.31 to 0.37 for small specimens machined from Shelby tubing, 
about 0.45 for large carefully machined specimens, and ranged from 
0.18 to 0.26 for fabricated specimens. 

(4) For 4-in. diameter machined specimens, varying the length 
from 134 in. to 20 in. has no effect upon the wrinkling stress providing 
the specimens are uniform in thickness. 

(5) There is a decrease in strength of fabricated specimens with 


length. This decrease is believed to be due to variations in thickness, = | 


flaws, and irregularities, which also increased with length. The dif- - 
ference in strength between 6-ft. and 35-ft. specimens 34 in. in 
diameter and 1% in. thick was about 20 per cent. 

(6) The maximum stress at collapse for cylindrical shells eccen- — 


; P 2 

trically loaded, computed by the formula f = re (1 + =), is prac- 

tically constant for different degrees of eccentric loading within the 
e 

range in = from 0 to 4%. 


(7) The number of lobes was in all cases less than the theoretical 
maximum number given by Equation (7). In general, except for 
specimens having very small values of t/R, the actual number was 
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" at a load from 10 to 20 per cent lower fae Ls 
jae Biraight shell. | seed the bulging or wrin- 


(11) The following rules are suggested for the working stress, P, 
S o be used in designing thin cylindrical steel shells that function as 
- columns for which the ratio of the length to the radius of gyration 
does not exceed 35: 
For machined specimens or cold drawn tubing, straight and free 
_ from local indentations, 

> 


Fa 
P= 2 000 000 R Ib. per sq. in., but not to exceed one-half of the 


_ proportional limit of the material in tension. 
For fabricated specimens, straight and free from local indenta- 
tions, and containing no lap girth seams, ; 


t o 
P = 1 600 000 = lb. per sq. in., but not to exceed one-third of 


_ the yield point of the material in tension. 

The working stress, P, is the maximum stress to be found on any 
portion of any section. It includes the average stress over the trans- 
verse section due to an axial load, the flexural stress due to eccen- 
tricity of the axial force or other causes, and any localized stress due 
to the manner of loading or supporting the cylinder. 
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